This study is concerned with parametric radiation from an arbitrary axisymmetric planar source with a special focus on low-frequency difference-frequency fields. As a model equation accounting for nonlinearity, diffraction, and dissipation, the Westervelt equation is used. The differencefrequency-field patterns are calculated in the quasi-linear approximation by the method of successive approximations. A multi-layer integral for calculation of the acoustic field is reduced to a three-dimensional one by employing an approximate analytical description of the primary field with the use of a multi-Gaussian beam expansion. This integral is subsequently reduced in the paraxial approximation to a one-dimensional form which has previously been published in literature and which represents a means for fast calculations of secondary acoustic fields. The three-dimensional integral is calculated numerically and the numerical results predict nonzero amplitude of the low-frequency field in the vicinity of the source which is an effect that cannot be correctly encompassed in the paraxial approximation.
I. INTRODUCTION
Many contemporary acoustic applications make use of the fact that relatively directional low-frequency sound can be radiated from small sources by means of a parametric array. 1, 2 This technique is based on radiation of two highfrequency sound beams (primary field) of similar frequencies x a $ x b in the same direction, where at least one of them must have a finite amplitude. As these waves propagate in medium, nonlinear interactions give rise to the generation of a secondary field consisting of higher harmonics, sum-and difference-frequencies, etc., by forming a phased array of virtual sources that resonantly pump acoustic energy into these components. It is obvious that a small percentage change of one of the primary frequencies results in a large percentage change in the difference-frequency, which means that wideband radiation (in difference-frequency) can be accomplished using a narrowband transducer.
Parametric radiation provides a means for generation of a substantially more directional and side-lobes-free sound beam at lower frequencies than is possible by direct smallsignal radiation by a source of the same size. However, the former method is less efficient than the latter one.
Many papers have been dedicated to this topic. Far-field properties of the difference-frequency waves were studied in the pioneering work of Westervelt 1 based on the assumption that the nonlinear interactions are limited to the near-field of the primary waves which were modeled as collimated plane waves. Muir and Willette 3 calculated the sum-and difference-frequency field under the condition that the nonlinear interactions take place in the far-field of the primary waves, which were modeled analytically using the formula for the far-field of a uniformly vibrating piston. Garrett et al. 4 proposed a model for the parametric radiation from an arbitrary axisymmetric source in the quasilinear and parabolic approximation based on a numerical calculation of a triple integral. Kamakura et al.
5 studied the propagation of high-amplitude waves generated by a piston vibrating at two similar frequencies by numerical integration of the KZK equation using the algorithm proposed by Aanonsen et al., 6 as well as experimentally. In Refs. 7 and 8, the authors utilized the method of multi-Gaussian beam (MGB) expansion of the sound field 9 for fast calculation of the secondary fields radiated by an arbitrary axisymmetric source in the quasilinear and paraxial approximation. The method was further extended for rectangular-aperture sources. 10, 11 The common characteristic of most of the abovementioned papers and many others is the differencefrequency field calculated in the paraxial approximation. Even if this approach is applicable in the case of higher difference-frequencies as is undisputedly confirmed by many experiments, it is a question of whether the paraxial approximation provides correct results even in the case of lower difference-frequencies. This question is the subject of this paper. An analytic formula based on the three-fold integral is derived from the Westervelt equation; an appropriate algorithm is proposed for its numerical calculation. Certain numerical results are presented in order to demonstrate the differences between the low-frequency field patterns calculated using a fast algorithm based on the paraxial approximation and the proposed model which is not based on the paraxial approximation. 
Here p 0 is the acoustic pressure, c 0 is small-signal sound speed, q 0 is ambient density of fluid, b ¼ (c þ 1)/2 is the coefficient of nonlinearity, where c is the adiabatic exponent and
is the diffusivity of sound corresponding to thermoviscous attenuation, f and g stand for the bulk and shear viscosities, K is the coefficient of heat conduction, and c V and c p are the specific heats at constant volume and pressure, respectively.
The method of successive approximations is used for integration of Eq. (1); its quasilinear solution is assumed to have the form
where p As the acoustic field is assumed to be periodic in time, individual frequency components can be written in the form
where i ¼ ffiffiffiffiffiffi ffi À1 p ; q j ðrÞ ¼ p 0 0j ðrÞe i/ j ðrÞ is the complex amplitude of acoustic pressure and the asterisk denotes the complex conjugate (c.c.).
B. Primary field
For the two primary waves with angular frequencies x a and x b , where x a > x b , substitution of relation (2) into the linearized Eq. (1) yields
where j ¼ a; b and k
is the wavenumber and a j ¼ x 2 j d=2c 3 0 is the thermoviscous attenuation coefficient at the frequency x j . In audio-and low ultrasonic-frequency region, relaxation processes are responsible for most of the sound absorption, which is in air dependent on temperature, atmospheric pressure, and water vapor content. The sound attenuation coefficient a j for the given frequency x j can be generalized 13, 14 to account for these effects.
Supposing that the vibrating piston radiating the primary wave is placed in a baffle at the plane z ¼ 0 and the z-component of its vibration velocity reads v zj ðx; y; tÞ ¼ ½w j ðx; yÞe Àix j t þ c:c:=2, then the solution of Eq. (3) can be constructed with Green's functions 15 in the form of the Rayleigh surface integral
where
is the distance between a source element dS 00 ¼ dx 00 dy 00 and the point, at which the acoustic field is calculated, see Fig. 1 .
C. Difference-frequency secondary field
For the secondary difference-frequency wave with the angular frequency
As it is assumed that ð@q d =@zÞ z ¼0 ¼ 0 (the plane z ¼ 0 is assumed to be rigid and it does not vibrate at the angular frequency x d ), the solution of Eq. (5) can be constructed with Green's functions 15 in the form of the volume integral
1. Geometrical arrangement; P is the point, where acoustic field is determined.
(see Fig. 1 ). The Green's function used in this integral includes contribution of the element dV 0 of the virtual source formed by the primary field (the term containing R À ) as well as the contribution of its image representing the wave reflected from the plane z ¼ 0 (the term containing R þ ). Equation (6) for calculation of q d (r) together with Eq. (4) represents the fifth-fold integral that is almost impossible to be calculated numerically. For this reason, an approximate analytic solution of integral (4) is used under the condition of the high-frequency primary field.
D. High-frequency approximation of the primary field
If the piston radiates at such frequencies that the condition k j a ) 1 is fulfilled, where a is the piston characteristic radius, the beam is reasonably directional; it is localized in the vicinity of the z axis and the waveforms are quasi-planar, the Green's function in Eq. (4) can be simplified into the paraxial (Fresnel) approximation 16 as
If, subsequently, the distribution of the piston velocity is assumed to have an axial symmetry, it can be expanded into the series of the Gaussian functions
A n e ÀB n ðx 2 þy 2 Þ=a 2 ;
where W j represents amplitude and the complex coefficients A n , B n are calculated for an appropriate distribution by a numerical multidimensional optimization method. 9, [17] [18] [19] Then, the integrals in Eq. (4) can be calculated analytically resulting in the formula
Substitution of this formula into Eq. (6) results in the three-fold integral for calculation of the differencefrequency wave
For the field at the symmetry axis, integral (9) reduces into the two-fold one
Integrals (9) and (10) are calculated numerically.
E. Paraxial approximation of the secondary field
Using the paraxial approximation, integral (9) can be reduced to the form equivalent to the results presented formerly in the work. 8 The reduction consists of neglecting the term with R þ in the Green's function (assuming that no secondary wave reflects from the source plane) and approximating the remaining term using a formula similar to Eq. (7). The integrals with respect to the coordinates x 0 , y 0 can be then calculated analytically yielding
where F g ¼ 2jz À z 0 j=k 0 d . The higher limit of integration is limited to z because in this approximation, it is assumed that only the nonlinear interactions between the source (piston) plane and the appropriate point contribute significantly to the sound field. This assumption is consistent with the paraxial approximation describing only one-way (forward) propagating secondary waves. The integral in Eq. (11) is calculated numerically.
III. NUMERICAL ALGORITHM
High-accuracy evaluation of multidimensional integrals is not easy because among other reasons it makes great demands on computational performance. For this reason, it is necessary to utilize highly-efficient numerical algorithms.
In the case of integrals (9) and (10), the infinite computational domain was reduced to a reasonable size limited by a certain r max and z max . The repeated one-dimensional integration method 20 was used. Within this approach, the respective procedure calculating the inner integral is repeatedly invoked as required by the procedure calculating the outer integral.
In the case of the above-mentioned integrals, it is necessary to utilize algorithms allowing pre-defined accuracy of calculations (it was observed that with a fixed number of discrete points at which the integrated functions are evaluated, the accuracy of results decreases with the increasing difference-frequency value, because the integrated function becomes more oscillatory). Here, the Romberg method utilizing open formulas 20 was used for calculation of the individual one-dimensional integrals.
The numerical algorithms are implemented with use of the Numerical Recipes Cþþ library, 20 a substantial reduction of the computational time was achieved by parallelization of the algorithms using the OpenMP library and running on a multi-processor computer.
Coefficients of the MGB decomposition of the piston velocity distribution were calculated using a heuristic optimization method. 19 
IV. RESULTS
Within the numerical calculations, it was assumed that the source velocity distribution possesses the form v z ðr; tÞ ¼ e Àðr=aÞ 16 ½v 0a cosð2pf a tÞ þ v 0b cos ð2pf b tÞ; (12) which means that the two-frequency vibration is almost spatially uniform within the circle of radius a; here a ¼ 0.2 m. The corresponding coefficients of the MGB decomposition are listed in Table I . In all the presented cases f a ¼ 50 kHz and
The acoustic field is assumed to be radiated into the air with the temperature of 24 C, atmospheric pressure 101 325 Pa, and 40% relative humidity. A model accounting for molecular relaxation processes 13 was used for calculation of the sound absorption coefficients a j .
As in this case k a a ¼ 192 ) 1, the primary wave is well-directional and the paraxial approximation for calculation of the primary field is applicable. Figure 2 shows the distribution of acoustic pressure amplitude at the frequency f a along the axis of symmetry calculated in the linear approximation using Eq. (8) (paraxial approximation) and using the Rayleigh integral (4). It can be observed that except for the close vicinity of the source, the results are almost identical so that the paraxial approximation of the formulas for calculation of the primary field does not decrease the accuracy of the algorithm in a substantial way.
The distribution of normalized acoustic pressure amplitude at difference frequency f d along the piston axis calculated in the non-paraxial approximation using Eq. (10) and in the paraxial approximation using Eq. (11) is shown in Fig. 3 . For individual frequencies f d , the normalized acoustic pressure amplitude is defined as the ratio of the acoustic pressure amplitude and the maximum acoustic pressure amplitude calculated in the paraxial approximation.
For all the difference frequencies f d , the paraxial equation (11) predicts a zero difference-frequency field at the piston and a steep increase of its amplitude with increasing distance from the piston, which becomes steeper as the difference frequency lowers. By contrast, the non-paraxial Eq. (10) predicts a non-zero amplitude of the acoustic field for very low difference-frequencies. This situation is caused by the fact that for low f d , the product k d L, where L is the effective length of the phased virtual source, attains a small value which means that the source is not highly directional. It radiates partly in the direction opposite the primary waves and this backwards-traveling wave reflects from the source plane.
For higher values of the difference-frequencies (in this case for f d ¼ 2000 Hz), both the equations provide almost the same results. This is caused by a higher value of k d L resulting in a higher directivity of the virtual source and negligible backward radiation The differences between the results for all the frequencies f d decreases with the distance from the piston. Figure 4 shows a comparison of the directivity of the difference-frequency wave in the far-field (at the distance of 200a from the piston) calculated using the non-paraxial model (9) and in the paraxial approximation using the integral (11) . The case of the direct radiation of a smallamplitude wave with frequency f d , calculated using the Rayleigh integral (4) is also included. All the courses are normalized to have 0 dB at the axis of symmetry (in all the presented cases, the difference-frequency acoustic field predicted by the paraxial and non-paraxial models are the same at the axis of symmetry, # ¼ 0 ). It can be observed that even for very low frequencies, up to the angle ca. 30
, both the approximations (paraxial and non-paraxial) provide the same results. For bigger angles, the paraxial approximation predicts a lower amplitude of the acoustic field than the approximation that is non-paraxial. It can be observed that directivity of the difference-frequency wave (calculated using the nonparaxial approximation) decreases with its frequency. For instance, at the angle of # ¼ 45 with respect to the axis, the acoustic pressure amplitude decreases by 28.8 dB at 1000 Hz, by 17.4 dB at 500 Hz, by 3.9 dB at 100 Hz, and only by 0.9 dB at 50 Hz. At this frequency, the acoustic field is almost omnidirectional.
V. CONCLUSION
A formula based on a three-fold integral was proposed for calculation of the difference-frequency wave caused by nonlinear interactions of the two-frequency primary wave generated by a baffled axisymmetric piston. As the formula is not based on the paraxial approximation of the secondary field, it can be used for calculation of near-field as well as wide-angle far-field patterns. On the other hand, the numerical calculation of multi-fold integrals requires a relatively large amount of the computational work compared with the fast algorithms based on the paraxial approximation and one-fold integration. Nevertheless, the proposed formula allows a direct comparison of the numerical results with the ones obtained in the paraxial approximation under otherwise the same conditions and thus it allows delimitation of the applicability of the paraxial model.
The numerical results clearly demonstrate that in the case of the low-frequency secondary field, its amplitude is nonzero at the vicinity of the source, which is caused by low directivity of the virtual source and which is a result that cannot be predicted by any model based on the one-way (forward) propagation of acoustic waves.
